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' -' > 0. (proposed 2-2 
+ 

by Korea(R. 0. >> 
Solution (posed by Kang Jiayin) 

We shall prove 

0 

So we only need to prove 0 in the case when xyz = 1. 
Since 

2 2 = x 5 + 4 + 2  = c 2 +xyz($ + 
x4 =c x4+y3z+yz3 

- 

22) 

1, 
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the left hand side of 0 holds. 
While 

n 

by the AM-GM inequality, 

x 4  + x 4  + y3z + yz3 2 4 2 y z  , 
x4 +y3z+y3z+y22  24xy2z,  

x 4  + yz3 + yz3 + y22  24xyz2 , 
y3z+yz3 3 y 2 2  , 

the summation of the above four inequalities leads to 

Therefore 

X2 - 2 c 2+$+2  - =s4+y3:+yz3 

This is just the right hand side of inequality 0. 
Comments Boreico Iurie from Moldova won a special prize for his 
outstanding solution. Observe that 

2 -2 2-2 
2+$+2-2(2++2+2) 

Therefore 
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>O. 

Second Day 
9:30 - 13:30 July 14, 2005 

@$@ Consider the sequence al , a2 , defined by 

~ , = 2 " + 3 " + 6 " - l ( n = l ,  2, ..*). 

Determine all positive integers that are relatively prime to every 
term of the sequence. (proposed by Poland) 

First, we will prove the following result: for a fixed prime p ( p  > 5) , 
Solution (posed by Luo Ye) 

2PP2 + 3PP2 + 6PP2 - 1 = 0 (mod p ) .  0 
Since p isaprimeno less than 5,  (2, p )  = 1, (3, p )  = 1, and(6, 

p )  = 1. By Fermat's little theorem, we have 

2P-I = 1 (mod p )  ,3P-' = 1 (mod p ) ,  6P-I = 1 (mod p ) .  

Therefore 

3*2P-1+2*3P-1+6P-1 = 3 + 2 + 1  = 6  (modp),  

i. e. 

6 2PP2 + 6  3PP2 + 6  6PP2 = 6 (mod p ) .  

Simplifying gives 

2PP2 + 3PP2 + 6PP2 - 1 = 0 (mod p ) .  

So 0 holds, and ap2 = 2PP2 + 3PP2 + 6PP2 - 1 = 0 (mod p ) .  

It is trivial that al = 10 and a2 = 48. 
For any integer rz greater than 1, it has a prime factor p. If 
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p E (2 ,  3 ) ,  then(n, az)>l.  I fp2.5,  then(n, a,z)>l. Therefore 
we can claim that every integer greater than 1 does not match the 
condition. 

Since 1 is co-prime to every other positive integer, 1 is the only 
number satisfying the condition. 

Let ABCD be a given convex quadrilateral with sides BC and 
AD equal in length and not parallel. Let E and F be interior 
points of the sides BC and AD respectively such that B E  = DF. 
The lines AC and BD meet at P, the lines BD and EF meet at 
Q, the lines EF and AC meet at R . Consider all triangles PQR 
as E and F vary. Show that the circumcircles of these triangles 
have a common point other than P. (proposed by Poland) 

Solution (posed by Zhao Tongyuan) 
Since BC and AD are not parallel, the circumcircles of triangle 

APD and BPC are not tangent to each other. Otherwise, construct a 
common tangent line 93’ through tangent point P, then 

L D P S  = L D A P , L B P S ’  = L B C P .  

It follows from the equality L D P S  = L B P S  ’ that L D A P  = 

L B C P .  ThenAD // BC, which is in contradiction with the condition. 
Let the second common point of the circumcirles of triangles BCP 

and DAP be 0, which is fixed. With loss of generality, let 0 be an 
interior point of triangle DPC. We will prove that the circumcirle of 
triangle PQR passes through 0 as E and F vary. 

Connect the lines OA, OB, OC, OD, OE, OF, OP, OQ, OR , 
as show in the figure. Since B, C, 0, P and 0, P, A ,  D are 
concyclic, then 

L O B C  = L O P C ,  LOPC = LADO*LOBC = LADO. 

Similarly, LOCB = L D P O  = L D A O .  
Together with AD = BC,  we get A O B C  Z AODA. So 

OB = OD,LOBE = LODF. 
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Note that BE = DF, so the triangles OBE and ODF are 
congruent, giving OE = OF and OB = OD. 

The equalities LFOE = / F O B  + L B O E  = L B O F  + LFOD = 

/ B O D  imply that the triangles BOD and FOE are similar. This means 
L E F O  = L B D O ,  i.e. LQFO = LQDO,  so the points Q ,  F ,  D, 0 
are concyclic. Therefore 

LRQo = L F D O .  

Since 0, P ,  A ,  D are concyclic, we have LFDO = LAD0 = 

LRPO,  so LRQo = LRPO. We conclude that the points 0 , R , P , 
and Q are concyclic, i. e. the circumcircle of PQR passes through 0. 

In a mathematical competition 6 problems were posed to the 

contestants. Each pair of problems was solved by more than - of 

the contestants. Nobody solved all 6 problems. Show that there 
are at least 2 contestants who each solved exactly 5 problems. 
(proposed by Romania) 

Assume there were rz contestants C1, C, , , C, , and the six 

Let S =  {(CbiPi, P j )  I l<K<n ,  l < i < j < 6 ,  Cbsolved both 

Now we will count I S I . 
Let xij be the number of contestants having solved both Pi and P j  

2 
5 

Solution (posed by Shao Xuancheng) 

problems were PI , P 2 ,  P 3 ,  P4, Ps , Pg. 

Pi and P j  } . 

2n + '. Theref ore > TnHxG ~ (1 < i < j < 6). By hypothesis, xG 2 
5 



International Mathematical Olympiad 2005 241 

If the number of contestants who solved exactly five problems 
was at most one, by hypothesis, no contestants has solved all 
problems, so the other contestants each solved four problems at most. 

Let al , a2 , . . a ,  a, be the number of problems solved by 
contestants C1 , C, , . . a ,  C, respectively. Without loss of generality, 
we can assume that 5 > a1 > a2 > > a, > 0. 

If 4 > al , then 4 > a k ( l <  K < 4), 

this is in contradiction with 0. Therefore al = 5, 4 > a2 > > a,. 
It is trivial that n > 2. If a, < 3,  then 

This is also in contradiction with 0. So a, > 4, i. e. a2 = a3 = 

a, = 4. 
Assume, without loss of generality, that the five problems Cl 

solved were PI , P2 , P3 , P4 , Ps , and the number of contestants who 
solved the problem Pj (1 < j < 6) was bj (1 < j < 6). Then 

= 

bl+b2+"'+bfj =a1 +U2+" '+U,  

=5 + 4(n - 1) = 4n + 1. 0 

Consider 
j = 2  j = 2  

0 

Since the problem PI has been solved by bl contestants, and one of 
them solved five problems and the others solved four problems, 

Combining 0 and 0 we obtain 
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2n which can be rewritten as bl > -. 3 

0 2n 
3 Similarly, bk > -, for K = 1, 2,  3 ,  4,5. 

Consider 
6 

- 2 n + l ,  cxj6>c7- j = l  j = l  
2 n + 1  @ 

By a similar argument, since exactly b6 contestants solved P6, and 
each of these contestants solved four problems, we have 

6 c X j 6  = 3b6. 
j = l  

0 

Together with @ and 0 we obtain 

3b6 >22n+1, 

@ 2n+ 1 which we can rewrite as b6 > ~ 3 .  

If n + 0 (mod 3 )  , then 2. is not an integer. By 0 we obtain 3 

which implies 

8 

Together with @ and 8 we obtain 

2n+ 1 
3 

bl +bz + . .a  +b6 > 6 - = 4n+2 ,  

which is in contradiction with 0. 
2n 2n Therefore n = 0 (mod 3 )  , and @ implies b6 > -. Since b6 and - 3 3 

are both integers, 
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Together with 0 and @ we obtain 

0 

Compare with 0, the 0 should be an equality, so are 0 and @. 

2n 2n 
3 3  bl+b2+"'+b6 > 5 * - + - + 1  = 4 n + 1 .  

Hence 

Consider 

c xij > c = 2(2n+1) = 4n+2. 
l<Kj<S l<KSS 5 @ 

Since one contestant solved PI ,  P 2 ,  P 3 ,  P4 , P5, whereas b6 
contestants solved exactly three problems of PI , P2, P3, P4, P 5 ,  and 
n - 1-b6 contestants solved exactly four problems of PI , P2 , P3 , P4, 
P5 , we have 

=6n+4-3b6 = 4n+1 ,  

which is in contradiction with @. This completes the proof. 

2006 (Ljubljana, Slovenia) 

The 47th IMO (International Mathematical Olympiad) was hosted by 
Slovenia in Ljubljana during July 6 - 18 in 2006. 

The leader of Chinese IMD 2006 team was Li Shenghong who was 
from Zhejiang University and deputy leader was Leng Gangsong who 
was from Shanghai University. The Chinese IM02006 team came first 
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among the nations with 6 golds. Here are the results of the six 
contestants : 

Shen Caili 

No. 1 Middle School Attached to Liu Zhiyu Central China Normal University 

Zhejiang Zhenhai High School 37 points gold medal 

Deng Yu Shenzhen Senior High School 35 points gold medal 

the Affiliated High School of Jin Long 
Northeast Normal University 

Ren Qingchun Yaohua Middle School , Tianjin 34 points gold medal I I  
Gan Wenyin I No. 3 High School of WISCO 31 points gold medal I I  

First Day 
9:OO - 13:30 July 12, 2006 

@&@ Let ABC be a triangle with incentre I .  A point P in the interior 
of the triangle satisfies 

L P B A  + L P C A  = L P B C + L P C B .  

Show that AP AI , and that the equality holds if and only if P = I. 
Solution Since L P B A  + L P C A  = L P B  C + L P C B  , we get 

2 ( L P B C + L P C B )  = L P B C + L P C B  + L P B A + L P C A  

= L A B C + L A C B ,  

i .e .  L P B C + L P C B  = i ( L A B C + L A C B )  = 9 0 " - y L B A C ,  1 

L B P C  = 9 0 " + 2  L B A C .  

1 
2 On the other hand L B I C  = 90" + - L B A C .  Hence L B P C  = 
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L B I C ,  B, C,  I, P are concyclic. 
It is easy to show that the middle point M of arc BC is the center 

of circumcircle of triangle BIC. This is because M is also the point 
where A I  intersects the circumcircle of triangle ABC. Furthermore, 

so MI=MB. " c 

From triangle APM, AP + PM > AM = 

Therefore AP > AI. The equality holds if 
and only if P lies on the line segment AI, that is A 

I = P .  

AI +IM = AI +IMP. 

Let P be a regular 2006-gon. A diagonal of P is said to be good if 
its endpoints divide the perimeter of P into two parts, each 
consists of an odd number of the sides of P. The sides of P are by 
definition good. 

Suppose P is partitioned into triangles by 2003 diagonals, no 
two of which have a common point in the interior of P. Find the 
maximum number of isosceles triangles having two good sides 
that could appear in such a configuration. 

Solution Let ABC be a triangle in the partition. Here are AB denotes 
the part of the perimeter of P outside the triangle and between points A 
and B, and similarly for arcBC and arcCA. Let a , b and c be the number 
of sides on arcAB, arcBC, arc CA respectively. Note that a +b + c = 

2006. By parity check, if an isosceles triangle having two good sides, these 
sides must be two e q d  sides. 

We call such isosceles triangles good. 
Let one of the good triangles be A B  C with A B  = A C ,  Also, 

inscribe our polygon into a circle. 
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If there is another good triangle in arcAB, the two equal good 
sides cut off an even number of sides in arcAB. Since there is an odd 
number of sides in arcAB , there must be one side not belonging to any 
good triangle. The same holds for arcAC. 

So every good triangle corresponds to at least two sides of P. 
Hence there are no more than 2 006/2 = 1 003 good triangles. 

And this bound can be achieved. Let P = AlA2A3 .*.A2 006. Draw 
diagonals between AIA2&1(1< K < 1 002) and &&IA2&3 (1 < K < 
1 001). This gives us the required 1 003 good triangles. 

@@& Determine the least real number M such that the inequality 

I &(a2 - b2) +k(b2 - 2 )  + wz(2 -a2> I < M a 2  +b2 + 2 > 2  

holds for all real numbers a , b and c .  
Solution Factorizes the left side of the above inequality and the 
problem is reduced to finding the smallest number M that satisfies the 
inequality 

I (a-b>(b-cC)(c-ua)(a+b+c) I<M(a2 +b2 + 2 > 2 .  

L e t x =  ( a - b ) ,  y =  ( b - c ) ,  z =  (c -a) ,  ands= (a+b+c). Then 
the inequality becomes 

with the property that x + y + z = 0. 
Since x+y+z = 0, without loss of generality, we can suppose x , 

y to have the same sign and both positive (otherwise we can replace 
a ,  b ,  c by - a ,  - b ,  -c>. 

Now, for any fixed x + y = 2m, let x = y = m, so z =- 2m, the 
left side gets greater and the right gets smaller and the inequality still 
holds. 
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(2 +y2 +2 +.?>2 2 ((x+ d2 + 2 + .q2 
=(6m2 + s ~ ) ~ ,  

By the AM-GM inequality, 

(6m2 +.?>2 = (2m2 +2m2 +2m2 + s ~ > ~  

3 ( 4 J W > 2  = 161/21 m3sl 

16f iM1 m3Sl 2 I 2m3S~ 9 so 

247 

i.e. M>- 9 4 3  
16 ' 

The conditions for the equality can now be stated as x = y, 
2m2 =.?, or restated as2b=a+c, ( c - d 2  = lSb2. Settingb= 1 yields 
a=1--1/2, 3 c=1+T1/2 .  3 

2 

We can conclude that M = @ is indeed the smallest constant 16 
satisfying the inequality, with the equality for any triple (a, b, c> 

proportional to (I - y 1/2, 1 , 1 + y 1/2) up to permutation. 3 3 

Second Day 
9:OO - 13:30 July 13, 2006 

Determine all pairs ( x ,  y >  of integers such that 

1 + 2" + 2-1 = y2. 

Solution It is easy to show that x 2 0. Since (- y>2 = y2 , we only 
need to find all solutions with y > 0. 

I fx=O, theny=&2;  
Now y is odd, let y = 2n+l .  Then2"(2"+' +1> = 4n(n+l> .  It 

is clear that there is no solution forx  = 1, 2. 
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4n 
2" 

~ s s u m e x > 2 .  ~ince(2",  2"+' +I> = 1, ( n ,  n+l> = I, -or  

4(n + l) are integers. 
2" 

Casel:  Le t4n=a*2" ,  thena2 *2"+4a=8*2"+4.  Ityields2"= 

4(1 - a )  > 8, so a = 1 , 2. In both cases we get a contradiction. 

Case 2: Let 4(n+ 1) = a 2", then a2 2" -4a = 8 2" +4. It yields 

2" = 4(1+a) 2 8 ,  sou = 1, 2,  or 3. It is easy to check that onlya = 

3 is good. So x = 4 , and y2 = 529. 

a2 -8 

a2 -8 

Thus we have the complete list of solutions ( x ,  y ) :  (0, 2) ,  
(0, -2) ,  (4, 23), (4, -23). 

%&@ Let P ( x )  be a polynomial of degree n > 1 with integer 
coefficients and let k be a positive integer. Consider the 
polynomial Q(x)  = P(P(.-  P ( P ( x ) >  .->>, where P occurs k 
times. Prove that there are at most rz integers t such that 
Q(t> = t .  

Solution The claim is obvious if every integer fixed point of Q is a 
fixed point of P itself. In the sequel, assume that this is not the case. 
Take any integer xo such that Q(xo> = xo and P(x0)  # X O .  Define 
inductively xi+l = P(x i>  for i = 0, 1, 2,  ..., then x k  = X O .  

It is evident that 

u - v I P(u> - P(v> , for distinct integers u , v .  (1) 

(Indeed, if P ( x )  = c a i x i  then each u - v  I ai(ui -vi>. ) Therefore 

each term in the chain of (nonzero) differences 

X O - X l ,  x l -x29 ' " 9  x&l-xk,  x k - X k + l ,  (2) 

is a divisor of the next one; and since X k  - Xk+I = x0 - x1 , all these 
differences have equal absolute values. Take xm = min(xl , , X k )  , 
this means that x-1 - xm =- ( x ,  - ~ 4 1 ) .  Thus X-1 = X+I 

(# xm>. 
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It follows that consecutive differences in the sequence ( 2 )  have 
opposite signs. Consequently, xo, x1 , x2, is an alternating 
sequence of two distinct values. In other words, every integer fixed 
point of Q is a fixed point of the polynomial P ( P ( x > > .  Our task is to 
prove that there are at most n such points. 

Let a be one of them so that b = P ( a )  # a (we have assumed that 
such an a exists). Then a = P(b).  Take any other integer fixed point 
a of P ( P ( x > >  and let P(a> = ,G’, so that P(p> = a. The numbers a and 
b’ need not be distinct ( a  can be a fixed point of P> , but each of a , b’ 
is different from each of a , b.  Applying property (1) to the four 
pairsof integers ( a ,  a ) ,  (b ’ ,  b ) ,  ( a ,  b ) ,  (b ’ ,  a ) ,  we get that the 
numbers a -a and ,h- b divide each other , and also a- b and ,h- a divide 
each other. Consequently 

a-b  =+ (p-a) ,  a-a  =+ (P-b). (3) 

Suppose we have a plus sign in both instances: a - b = ,G- a and a - 

a =p- b. Subtracting yields a - b = b - a,  a contradiction, as a # b. 
Therefore at least one equality in (3) holds with a minus sign. This 
means that a + p = a + b; equivalently a + b - a - P(a> = 0. 

Denote a +b by C. We have shown that every integer fixed point 
of Q other that a and b is a root of the polynomial F(x) = C - x - 
P ( x ) .  This is of course true for a and b as well. Since P has degree 
n > 1 , the polynomial F has the same degree. So it cannot have more 
than n roots. Hence the result. 

GB Assign to each side b of a convex polygon P the maximum area 
of a triangle that has b as a side and is contained in P. Show that 
the sum of the areas assigned to the sides of P is at least twice the 
area of P. 

Solution Every convex (212) -gon , of area S ,  has a side and a vertex 
that jointly span a triangle of area not less than S / n .  

Proof of the lemma 
By main diagonals of the (2n)-gon we shall mean those which 
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partition the (2n)-gon into two polygons with equally many sides. 
For any side b of the (2n)-gon, denote by &, the triangle AB P where 
A ,  B are the endpoints of b and P is the intersection point of the 
main diagonals AA ’ , BB ’. We claim that the union of triangles &, , 
taken over all sides, covers the whole polygon. 

To show this, choose any side AB and consider the main diagonal 
AA ’ as a directed line segment. Let X be any point in the polygon, 
not on any main diagonal. For definiteness, let X lie on the left side 
of the ray AA ’. Consider the sequence of main diagonals AA ’ , BB ’ , 
GC’, are consecutive vertices, situated to the 
right of AA ’. 

The n-th item in this sequence is the diagonal A ’A (i. e. AA ’ 
reversed), having X on its right side. So there are two successive 
vertices K , L in the sequence A , B , C , before A’ such that X still 
lies to the left of KK ’ but to the right of LL ’. This means that X is in 
the triangle & , where I ’ = K ’L ’. We can apply the analogous 
reasoning to points X on the right of AA ’ (points lying on the main 
diagonals can be safely ignored). Thus indeed the triangles &, for all 
b jointly cover the whole polygon. 

The sum of their areas is no less than S. So we can find two 
opposite sides, say b = A B  and b’ = A’B ’ (with AA ’ , BB ’ being main 
diagonals) such that [ &, ] + [ &,/ ]>S /n  , where [.-] stands for the 
area of a region. Let AA ’ and BB ’ intersect at P. Assume without loss 
of generality that P B  > P B  ’. 

, where A ,  B, C,  

Then 

[ A B A ’ ]  = [ A B P ]  + [PBA’]  > [ A B P ]  + [ P A  ’B ’1 
=[&,I +Cab’] > S / n ,  

proving the lemma. 
Now, let P be any convex polygon, of area S, with m sides 

al , . . a ,  a,. Let Si be the area of the greatest triangle in P with side 
ai. Suppose, contrary to the assertion, that 
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Then there exist rational numbers q1 , 
qi >Si/S for each i. 

, qm. 

Write qi = ki/n; so cki = 2n. Partition each side ai of P into ki 
equal segments, creating a convex (2n)-gon of area S (with some 
angles of size 180") , to which we apply the lemma. Accordingly, this 
induced polygon has a side b and a vertex H spanning a triangle T of 
area [TI > S/n. If b is a portion of a side ai of P ,  then the triangle 
W with base ai and summit H has area 

, qm such that c qi = 2 and 

Let rz be a common denominator of the m fractions q1 , 

[ W ] = k i * [ T ] > k i * S / n = q i * S > S i ,  

in contradiction with the definition of Si. This completes the proof. 




